Under two hypotheses of nonconforming finite elements of fourth order elliptic problems, we present a side-patchwise projection based error analysis method (SPP-BEAM for short). Such a method is able to avoid both the regularity condition of exact solutions in the classical error analysis method and the complicated bubble function technique in the recent medius error analysis method. In addition, it is universal enough to admit generalizations. Then, we propose a sufficient condition for these hypotheses by imposing a set of in some sense necessary degrees of freedom of the shape function spaces. As an application, we use the theory to design a P3 second order triangular H 2 non-conforming element by enriching two P4 bubble functions and, another P4 second order triangular H 2 nonconforming finite element, and a P3 second order tetrahedral H 2 non-conforming element by enriching eight P4 bubble functions, adding some more degrees of freedom.
Introduction
We solve a biharmonic equation:
in Ω, u = u n := ∂u ∂n = 0, on ∂Ω,
where Ω is a bounded 2D polygonal domain or 3D polyhedral domain, and n is the unit outer normal to ∂Ω. Doing integration by parts twice, the weak formulation of (1.1) is: Find u ∈ H 2 0 (Ω) such that a(u, v) = (f, v) ∀v ∈ H 2 0 (Ω). 
with ∂ x1x2 u := ∂ 2 u ∂x1∂x2 . In traditional finite element methods of problem (1.2), degree 2 is the minimum polynomial degree. We need polynomials of degree 2 or above so that the second derivatives are not identically zero in the weak variational form. On a macro-triangle grid, the Powell-Sabin element [14] is a P 2 H 2 -conforming finite element in 2D. That is, the finite element space is C 1 , a subspace of the H 2 Sobolev space. The Hsieh-Clough-Tocher P 3 element is an H 2 -conforming finite element on the 1-to-3 splitting macro-triangle grids, [6] . When the polynomial degree is 5 or above, single-triangle H 2 -conforming elements can be constructed on general triangular grids [2] ; when the polynomial degree is 9 or above, single-tetrahedron H 2 -conforming elements can be constructed on general tetrahedral grids [21, 22] . On both non-macro-triangle grids and non-macro-tetrahedra grids, Morley element is a P 2 non-conforming finite element, i.e., the finite element space is not a subspace of the H 2 space. The remaining gap is the P 3 and P 4 non-conforming finite elements for the 4-th order differential equations in 2D and the P 3 , · · · , P 8 non-conforming finite elements for the 4-th order differential equations in 3D.
In this paper, we first present two hypotheses of nonconforming finite elements. Then, under them, we generalize the idea of [10, 12] to develop a side-patchwise projection based error analysis method (SPP-BEAM for short). Such a method only assumes the basic H 2 regularity for the exact solution. Compared with the classical a priori error analysis of nonconforming finite elements [3, 6, 16] , the analysis herein applies integration by parts to discrete functions in nonconforming finite element spaces rather than the exact solution of the problem under consideration. This in particular allows to remove the indispensable regularity condition of the exact solution in the classical analysis. Compared with the recent medius analysis of [8, 10, 13] , the analysis herein does not involve the bubble function technique which was first introduced to analyze efficiency of a posteriori error estimators [17] . Note that the bubble function technique will be very complicated for high dimensional cases and high order problems [8] .
As an application of the theory, we propose a sufficient condition for these two hypotheses. More precisely, we give a set of in some sense necessary degrees of freedom of the possible shape functions space. Based on these degrees of freedom, we construct a P 3 second order triangular H 2 non-conforming finite element by enriching two P 4 bubble functions and imposing some additional degrees of freedom. As a result, the shape functions space is of 12 dimensions, and the corresponding degrees of freedom are the function value at three vertices and the average of function, the average of the normal derivative, and the first moment of the normal derivative, on three edges. Then, we construct another P 4 , but still of 2nd order, H 2 non-conforming element on triangular grids. After that we design a P 3 second order tetrahedral H 2 non-conforming finite element by enriching eight P 4 bubble functions and adding some necessary degrees of freedom. The shape functions space of this three dimensional element is of 28 dimensions, and the corresponding degrees of freedom are the average and the first moment of function on six edges, and the average of function, the average of the normal derivative, and the first moment of the normal derivative, on four faces. We show that the three elements are well-defined and converge at the second order. Moreover, we give explicitly the basis functions for them. Numerical tests confirm the theory.
Previously, for 2D, Wang, Zu and Zhang enriched the P 3 polynomials by six P 6 bubble functions in [20] , to obtain a 2nd-order triangular H 2 non-conforming element. Independently, but similarly, Chen and Chen constructed a 2nd-order triangular H 2 non-conforming element in [4] , by enriching the P 3 polynomials by three P 5 bubble functions and three P 6 bubble functions, cf. [4] . Both elements have 16 degrees of freedom on each element. In [7] , Gao, Zhang and Wang did construct another 12 dof 2nd order triangular H 2 non-conforming element. In their construction, they enriched the P 3 space by two special P 5 bubbles, cf. [7] , such that the resulting finite element space is C 0 . This construction seems not natural, but intelligent. We numerically compare the two new triangular elements with three existing finite elements of 2nd order, showing that the new elements are more stable and more accurate. For 3D, see [5] for a second order P 3 plus 12 P 8 element bubbles H 2 nonconforming tetrahedron element and [20] for a second order P 3 plus 12 P 7 element bubbles H 2 nonconforming tetrahedron element.
Hypothesis and SPP-BEAM
This section presents hypotheses and consequently the SPP-BEAM of nonconforming finite element methods satisfying the hypotheses. This leads to abstract a priori error estimates. To this end, we introduce some more notation. Let T h = {K} be a regular triangulation on Ω, cf. [3] . Let E h be the set of n − 1 dimensional sides of T h , and E h (Ω) be the set of internal sides. For each internal n − 1 dimensional side e, let ω e be the union of two elements sharing the side e; for each boundary side e, let ω e be the unique element which takes e as one of its n − 1 dimensional sides. Given integer ≥ 0, let Π ,ωe u be the L 2 projection of u to the degree polynomial space on ω e , and Π −1,K u be the L 2 projection of u onto the degree −1 polynomial space over element K; for the case = 0, let Π −1,K u = 0.
Let V n h, be a nonconforming finite element space of H 2 0 (Ω) defined over the mesh T h with n = 2, 3. The condition of the wellposedness of the discrete problem and a priori error estimate of the finite solution is presented under the following two hypotheses. Hypothesis 2.1. For any internal n − 1 dimensional side e, it holds that e [∇ h v] · qds = 0 ∀q ∈ (P (e)) n , ∀v ∈ V n h, , here and throughout this paper, {·} denotes the average and [·] the jump across a side e, ∇ h and D 2 h are the discrete counterpart of ∇ and D 2 , respectively, defined piecewise; for any boundary n − 1 dimensional side e, it holds that e ∇v · qds = 0 ∀q ∈ (P (e)) n , ∀v ∈ V n h, .
Hypothesis 2.2. For any internal n − 1 dimensional side e, it holds that e
[v]qds = 0 ∀q ∈ P −1 (e), ∀v ∈ V n h, ;
for any boundary n − 1 dimensional side e, it holds that e vqds = 0 ∀q ∈ P −1 (e), ∀v ∈ V n h, .
where for each edge of K n and m are the unit normal vector of the two faces sharing the edge, respectively. For each degree of freedom d K at point a on the boundary of K, let ω(a) denote the union of elements that share point a and N (a) denote the number of elements in ω(a). Let κ = 2 for 2D and κ = 4 for 3D. Then, for any v ∈ V n h, , define the projection average interpolation operator
Lemma 2.1. Assume that Hypothesis 2.1 and 2.2 hold with ≥ 0. Then, for 0
Here and throughout the paper D h = ∇ h .
Proof. The proof can be found in [16, Lemma 5.6.4] .
Theorem 2.1. Let u h be the solution of (2.1), and u be the solution of (1.1). Assume that Hypothesis 2.1 and 2.2 hold with ≥ 0, and that the seminorm D 2 h · 0 defines a norm over the nonconforming finite element space V n h, . Then,
Remark 2.1. The SPP-BEAM is closely related to the medius error analysis method in [8, 10, 13] . The major new idea herein is to introduce the side patch projection operator Π ,ωe . This enables us to avoid the bubble function technique which is the main tool of [8, 10, 13] . Note that the bubble function technique will become very complicated for high dimensional cases and high order problems.
Proof. Since the seminorm D 2 h · 0 defines a norm over the nonconforming finite element space V n h, , the discrete problem (2.1) is well-defined. For the nonconforming finite element solution, it holds that
for any s h ∈ V n h, . By the Schwarz inequality and the triangle inequality,
Letṽ h =Ĩ h v h be the averaging interpolation of v h defined above. Next we shall follow [8, 10, 13] to use such an averaging interpolation to analyze the first term on the right-hand side of (2.3). This shall allow for an application of the usual Green formulation to a discrete function in the finite element space but not to the exact solution.
where we use the stability of the averaging interpolation operatorĨ h that
We start to estimate the consistency error. An integration by parts leads to
Here, n is a fixed unit normal vector to the side e. We estimate the five error terms one by one.
One observation is that [Π ,ωe D 2 u] e = 0 for any internal e. The main idea here is to use it to analyze the first term on the right-hand side of (2.4) which avoids the bubble function technique used in the medius error analysis from [8, 10, 13] . This leads to
Here and throughout the paper, e + and e − denote the restrictions from both side of e. Using the inverse inequality, we get
For the other term, we apply the stability of the averaging interpolation operator to get
5)
where ω e is the union of all the elements which shares at least one vertex with the two elements of ω e . Combining the two estimates, we estimate the first term in (2.4) to get
For the third error term in (2.4), we need to use the P continuity of ∇ h v h in the sense that
The analysis in the last two steps is the same as that in the last two steps of (2.5). As in (2.6), a summation over all sides gives
The second error term in (2.4) is estimated similarly to the first term:
The fourth error term in (2.4) is analyzed similarly to that of the second term. Using
where K is the union of elements sharing at least one vertex with K. To estimate
we follow the idea of [17] to introduce a P n+1 bubble function on element K:
where λ i is a barycentric coordinate on K, i.e., the linear function λ i assumes value 1 at vertex x i and 0 on the opposite side. The two norms, the weighted norm and the standard norm, are equivalent.
where we let
. In order to use the inverse estimate, we need the following decomposition:
We apply the integration by parts twice on one element to get
Combining the above two inequalities, we obtain
By (2.9)-(2.11), we have
Putting together the above five bounds into (2.4), we obtain the estimate of the finite element solution in the theorem.
A P 3 + 2B 4 Element in 2D
On each triangle, the finite element shape functions are formed by the following polynomials
where P 3,0 (K) denotes the space of P 3 polynomials vanishing on ∂K. Note that P 3,0 (K) := span{λ 1 λ 2 λ 3 } where λ i is the barycentric coordinate for vertex x i , a linear polynomial vanishing on one edge. The dual basis of the finite element space, i.e., the degrees of freedom of the finite element, is v(x i ) at three vertices of K,
The global finite element space is defined by Proof. Let u h ∈ P + 3 (K) such that the 12 degrees of freedom of u h in (3.1a) and (3.1b) having zero value. We need to show u h = 0. On a general triangle K = x 1 x 2 x 3 , we recall that λ i is the barycentric coordinate, that is a linear function having values
Then we can choose such a homogeneous basis for the space of the P 3 + 2B 4 element that
At By computing the zeroth moment on e 1 , we get
A combination of two basis leads to e1 (b 6 − b 7 )ds = 0. So we change a basis for the expansion
Next, consider the 0th and 1st moments of ∂ 1 u h = ∇u h · n 1 on an edge e 1 . For the linear functions λ 1 and λ 3 , cf. Fig. 3 .1,
Note that the answer is independent of r 31 . Similarly, we get
The two columns of the matrix make two equations for the unknownc i . Rotating the above calculation, on e 2 and e 3 , together we would get 6 equations that
The determinant of the coefficient matrix is −135000. Thus we have a unique solutionc i = 0 and u h = 0.
, the finite element equations have a unique solution. Moreover,
Proof. For the finite square system of equations, the uniqueness implies the existence of a solution. We show a unique solution of (2.1) when f = 0.
As all second derivatives of u h are zero, u h is a linear function on each triangle K. Since u h is continuous at the vertices of T h , u h is a function in the space H 1 0 (Ω). As ∇u h is continuous at the midpoints of the internal edges and vanishes at the midpoints of the boundary edges, ∇u h = 0 and consequently u h = 0. The error estimate follows from the abstract theory in Theorem 2.1.
The P 4 Finite Element in 2D
On a triangular grid, the dual basis of the P 4 finite element space, i.e., the degrees of freedom of the finite element, is v(x i ) at three vertices of K, The global finite element space is defined by Proof. Let u h ∈ P 4 such that the 15 degrees of freedom of u h in (4.1) having zero value. We need to show u h = 0. On a general triangle K = x 1 x 2 x 3 , we can choose a homogeneous basis for the space of P 4 such that
At whereb
Next, consider the 0th and 1st moments of ∂ 1 u h = ∇u h · n 1 on an edge e 1 . For the linear functions λ 1 and λ 3 , cf. Figure 3 .1,
Note that the answer is independent of r 31 . Similarly, we get 
The reduced row-echelon form is
Thus, if we choose basis functionsb i =b i , i ≤ 12, and
then the expansion of u h is forced to a simple form, by above 12 conditions, that
Finally, evaluating u h at the three internal points, (2x i + x j + x k )/4, we get 
Proof. The proof is the same as that for Theorem 3.2.
The Basis Functions of the Two New Elements in 2D
In this section, we give explicitly the basis functions on each element K.
The basis functions for the P 3 + 2B 4 element
The first six nodal basis functions are associated to the 0th and 1st moments of normal derivative on three edges of element K.
These six nodal basis functions satisfy the usual orthogonal conditions in the sense that
Here and in the following, λ Using the edge barycenter coordinates, these six basis functions can be expressed in a unifying way:
The second three nodal basis functions are associated to the 0th moment of function on three edges of element K.
These three nodal basis functions satisfy the usual orthogonal conditions in the sense that
and vanish for the remaining degrees of freedom in (3.1a), namely,
The last three nodal basis functions are associated to the value of function at three vertices of element K.
These three nodal basis functions satisfy the usual orthogonal conditions in the sense that θ l (x k ) = δ l,k , l, k = 1, 2, 3, and vanish for the remaining degrees of freedom in (3.1a), namely, 1 |e k | e k ∂θ l (x) ∂n k λ (j) e k ds = 0, 1 |e k | e k θ l (x)ds = 0, l, k = 1, 2, 3, j = 1, 2.
The basis functions for the P 4 element
The first six nodal basis functions are associated to the normal derivatives.
Using the edge barycenter coordinates, the above six basis functions can be expressed in a unifying way:
The second three nodal basis functions are associated to the 0th and 1st moments of function on element K.
The above three basis functions can be expressed in a unifying way:
where (i, j, k) is a permutation of (1, 2, 3) . The third three nodal basis functions are associated to the 0th moment of function on three edges of element K. φ 1 (x) = 30λ 2 2 λ 2 3 + (n 1 ) T (2
For these thirty nodal basis functions, the twelve basis functions ϕ 1,i (x), φ l (x) and θ l (x) are similarly defined as those for the enriched P 3 element in the previous subsection. In addition, they vanish for the following three conditions K (·)λ l dx = 0, l = 1, 2, 3. (5.1)
Compared to the enriched P 3 element, there are three more basis functions ψ l (x) which are associated to the three moments on element K in (5.1) and satisfy the following orthogonal
Moreover ψ l (x) vanish for the remaining degrees of freedom in (4.1).
A P 3 + 8B 4 Element in 3D
On a tetrahedral grid T h = {K} of Ω, the finite element shape functions space can be chosen as
where P 3 (K) denotes the space of P 3 polynomials, λ i is the barycentric coordinate for vertex x i , a linear polynomial vanishing on the face triangle opposite to the vertex.
The degrees of freedom
The dual basis of the finite element space, i.e., the degrees of freedom of the finite element, is
on edge e j , j = 1, · · · , 6, k = 1, 2,
Fj df on face F j , j = 1, · · · , 4, k = 1, 2, 3. Fj are three 2D barycenter coordinates on the face triangle F j , in the sense that λ
In addition, let r j be the distance from x j to face F j . The global finite element space is defined by where p 1 is a linear function on an edge or a face triangle.
Theorem 6.1. The 28 degrees of freedom in (6.1) uniquely determine a polynomial of P + 3 (K).
Proof. Let u ∈ P + 3 (K) such that the 28 degrees of freedom of u in (6.1) have zero value. Since we use only 2 face bubbles instead of 3 face bubbles, the nodal basis on a general element depends on the numbering of vertex. First we list twelve functions which have zero edge moments and face value moments. In fact, these functions vanish on all edges and faces, except one face where only the average vanishes.
Before we find the rest 4 basis functions which have 16 vanishing edge and face moments, we find 16 dual-basis functions (they do not have vanishing normal derivative moments and they are not unique).
For the first 16 dual basis functionals, we have
Now we correct the four λ 3 i functions to get four new basis functions with vanishing edge and face moments.
Next we show that the remaining 12 coefficients are also zero. An application of the functionals r j N j,k , j = 1, · · · , 4, k = 1, 2, 3, to u, yields the following matrix 
Its determinant is nonzero. Thus, we have c i = 0 for i ≤ 12.
It follows from Theorem 2.1 that
, the finite element solution u h of (2.1) approximates the biharmonic solution u of (1.1) at the second order.
The basis functions
We present a basis for P + 3 (K) with respect to degrees of freedom defined in (6.1). Let b i , i = 1, · · · , 8 and i = 9, · · · , 12 be defined in (6.3), (6.4a) and (6.4b), respectively. We first These 12 basis functions satisfy E i,l (θ j,k ) = δ i,j δ l,k , 1 ≤ i, j ≤ 6, l, k = 1, 2 vanish for the remaining functionals in (6.1).
Numerical Tests

Numerical results in 2D
We first compute the 2D biharmonic solution of (1.1), where the exact solution is
on the unit square domain (0, 1) 2 . We cut the domain by a north-east line to define the level one grid for the computation. Then each triangle is refined into four congruent triangles, to define the higher level grid.
In the first test, we use the P 3 + 2B 4 element, V h,HZ12 in (3.2). As expected, the finite element solution does converge to the exact solution at the second order, shown in Table 7 .1. In the second test, we compute the exact solution (7.1) by the P 4 non-conforming finite element V h,HZ15 defined in (4.2). As shown by the theorem, the finite element solution converges at the second order in the discrete H 2 norm, shown in Table 7 .2. Comparing with the 12 dof P 3 + 2B 4 element, this element is slightly more accurate though it is also of the second order. In the third test, we approximate the exact solution (7.1) by the 16 dof P 3 + 6B 6 element constructed in [20] . On each triangle K with the barycentric-coordinates λ i , the finite element 
The dual basis of the finite element space, i.e., the degrees of freedom of the finite element, is defined by
at three vertices of K, v(x c ) at the bary-center of K, ej ∂ n vds, ej s∂ n vds on three edges of K.
The computational results are listed in Table 7 .3. The finite element is truly of 2nd order accuracy. The local dimension of this element is 16, but the H 2 error is about 3 times of that of the new 12 dof P 3 + 2B 4 element. In the fourth test, we approximate the exact solution (7.1) by the 16 dof P 3 + 3B 5 + 3B 6 element from [4] . On each triangle K with barycentric-coordinates λ i , the finite element shape functions space is
The dual basis of the finite element space, i.e., the degrees of freedom of the finite element, is We compute the solution (7.1) by this C 16 finite element. The computational results are listed in Table 7 .4. The finite element is truly of 2nd order accuracy. The local dimension of this element is 16, but the H 2 error is about 3 times of that of the new 12 dof P 3 + 2B 4 element. In the fifth test, we approximate the exact solution (7.1) by the 12 dof P 3 + 2B 5 element constructed in [7] . On each triangle K with barycentric-coordinates λ i , the finite element shape functions space is G 12 (K) = P 3 (K) + λ 1 λ 2 λ 3 span (λ 1 − λ 2 1 − 2λ 2 λ 3 ), (λ 2 − λ 2 2 − 2λ 1 λ 3 ) .
The dual basis of the finite element space, i.e., the degrees of freedom of the finite element, is v(x i ), v x (x i ), v y (x i ), at three vertices of K, and ej ∂ n vds on three edges of K.
The computational results are listed in Table 7 .5. The finite element is truly of 2nd order accuracy. But its H 2 error is about 3 times of that of the new P 3 + 2B 4 element.
In the next three tests, we consider a singular solution u = 2 5 x 5/2 (1 − x) 2 y 2 (1 − y) 2 , (x 1 , x 2 ) ∈ (0, 1) × (0, 1).
(7.2)
This solution is not smooth enough, but in the Sobolev space H 3− (Ω). We approximate it by the P 3 + 2B 4 element, the P 3 + 6B 6 element, and the P 3 + 2B 5 element. As expected, the finite Table 7 .7: The error e h = u − u h and the order of convergence, for (7.2), by the P3 + 6B6 element.
T k e h 0 h n |e h | 1,h h n |e h | 2,h h n 1 0.0402600 0.0 0.267845 0.0 5.57420 0.0 2 0.0218671 0.9 0.147111 0.9 3.31137 0.8 3 0.0031348 2.8 0.023770 2.6 1.01281 1.7 4 0.0003147 3.3 0.003168 2.9 0.29331 1.8 5 0.0000253 3.6 0.000403 3.0 0.08106 1.9 6 0.0000018 3.8 0.000058 2.8 0.02393 1.8 7 0.0000001 3.8 0.000010 2.5 0.00829 1.5 Table 7 .8: The error e h = u − u h and the order of convergence, for (7.2), by the P3 + 2B5 element.
T k e h 0 h n |e h | 1,h h n |e h | 2,h h n 1 0.0416108 0.0 0.167121 0.0 1.55539 0.0 2 0.0215182 1.0 0.133563 0.3 1.77014 0.0 3 0.0031883 2.8 0.021423 2.6 0.50960 1.8 4 0.0003534 3.2 0.002805 2.9 0.14026 1.9 5 0.0000309 3.5 0.000324 3.1 0.03780 1.9 6 0.0000023 3.8 0.000043 2.9 0.01138 1.7 7 0.0000002 3.8 0.000008 2.4 0.00424 1.4 element solution converges at the possible highest order, in all norms, shown in Tables 7.6-7.8. For this problem, the error of the P 3 + 2B 4 element is about the same as that of the P 3 + 2B 5 element, much smaller than that of the P 3 + 6B 6 element.
Numerical results in 3D
We compute the 3D biharmonic solution of (1.1), where the exact solution is
on the unit square domain (0, 1) 3 . In the computation, the level one grid is the one shown in Fig. 7 .1, cutting the unit cube into 6 tetrahedra. Each grid is refined into a half-sized grid uniformly, to get a higher level grid, shown in Fig. 7 .1. In Table 7 .9, the error and the convergence order in various norms are listed for the true solution (7.3), by the P 4 enriched P 3 nonconforming finite element (6.2). The optimal order of convergence is achieved in Table 7 .9, in all norms, confirming the theorem.¨¨ @ @ @ @ @ @ @ @ @ @¨¨ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ @ Fig. 7.1 . The initial grid for (7.1), and its level 2 refinement. 
